The process of selecting the three tasks to go forward as the official component of the final student portfolio is a mathematical exercise in itself, and you should seriously consider asking your students to determine their own selection if you have more than 3 tasks.  In fact, it would be a worthy portfolio task asking your students to program their GDCs or spreadsheet software to find the three tasks that optimize their grade within the constraints!

· select three tasks, one of each type 

· criterion E and F need to be addressed at least once

· for criterion A – D take the average of the 3 tasks; for criteria E and F, take the best

· add up the resulting marks and round to the nearest integer

	Name student: 
	Type
	Portfolio criteria

	Task
	I
	II
	III
	A
	B
	C
	D
	E
	F
	total

	1. throwing baseballs 
	x
	
	x
	1
	2
	4
	3
	
	3
	

	2. compound interest
	x
	x
	x
	2
	3
	5
	2
	2
	3
	

	3. water in our city
	x
	
	x
	1
	3
	3
	3
	
	
	

	4. smoking and grades
	x
	
	x
	2
	2
	5
	4
	
	3
	

	5. the path of light
	
	x
	x
	2
	3
	4
	4
	
	
	

	6. transforming data 
	x
	x
	
	1
	2
	4
	3
	3
	2
	

	final score
	
	
	
	1.7
	2.7
	4.3
	3
	3
	3
	18


	Task 1: Throwing baseballs (type I and III, assessing A – D and potentially F)

· Under what angle should you throw a baseball to maximize the distance? 

· Find out how fast you throw, doing experiments as necessary. 
· Explain your results physiologically, and apply your insights to a few other sports.



	Task 2: Compound interest (type I, II and III, assessing all criteria)

· You give A dollars to the bank at an interest of 3% a year. Express the amount of money you have after one year as mA, where m is called the multiplier.

· Suppose the bank pays out interest twice a year (1.5% each time), or once every month (0.25% each time), or every week, or every day. In each case, find formulas for the multiplier m and simplify m as much as you can.

· Express m generally as a function of n (the number of times interest is paid out per year) and x (the interest rate).

· When interest is paid out continually, m(x) is of the form ey(x). Find out what y(x) is and demonstrate that your answer is correct.

· Give sound financial advise to banking clients. Is it worth visiting many different banks to have interest computed every month or every second?




	Task 3: Water in our city (type I and III, assessing A – D, and potentially F)

[as Singapore based students know] Singapore is worried about the availability of water in the near future. Estimate how much the city consumes and how much water it can retrieve through rainfall. How justified is concern? 




	Task 4: Smoking and grades (type I and III, assessing A – D, and potentially F) 

Conduct a survey in school to see whether there is a significant correlation between smoking and average grade (GPA). Carefully address questions about relevancy of your sample, definitions, methods, and conclusions. On the basis of your findings, make predictions on worldwide correlation levels. Compare your figures with publicly available figures from the internet, and comment. You may find it easiest to classify people in two categories: smokers and non-smokers. How do you define each category?




	Task 5: Transforming data (type I or II, assessing all criteria) 

Assumed Knowledge: Mean, median, mode, standard deviation and interquartile range.

Assessment Criteria: All.  The extensive use of a spreadsheet or GDC is expected in this task.

The table below shows the heights in cm of 60 students.



	 
	177
	175
	137
	155
	150
	166
	132
	146
	179
	140
	

	
	169
	177
	141
	148
	130
	176
	135
	130
	157
	172
	

	
	178
	143
	143
	136
	132
	166
	130
	151
	145
	178
	

	
	131
	171
	160
	140
	179
	166
	145
	142
	177
	176
	

	
	132
	135
	164
	179
	161
	145
	134
	179
	139
	149
	

	
	135
	142
	172
	148
	159
	160
	137
	130
	130
	164
	

	Calculate the mean and standard deviation of the heights of the students.

1. Investigate how the mean and standard deviation change when 

(a) 5 cm is added to each height,   b) 12 cm is subtracted from each height

How does adding a constant "a" to each score in any set of data change the mean and standard deviation?

2. Investigate how the mean and standard deviation change when each height is multiplied by 

(a) 5,    (b) 0.2.  How does multiplying each score by a constant "a" in any set of data change the mean and standard deviation? What happens in the case a < 0? (Note: this exercise is relevant when you wish to convert the height in inches for instance. What multiplier would you use then? How do you expect the mean and standard deviation to change? Does your intuition match your results?)

3. Group the data into intervals and construct a cumulative frequency table from this grouped data. Draw a cumulative frequency diagram and use it to find the median and interquartile range of the heights.

4. Investigate how the median and interquartile range change when 

(a)  5 cm is added to each height ,    (b) 12 cm is subtracted from each height

How does adding a constant "a" to each score in any set of data change the median and interquartile range?

5. Investigate how the median and interquartile range change when each height is multiplied by 

(a) 5,   (b) 0.2.  How does multiplying each score by a constant "a" in any set of data change median and interquartile range? What happens in the case a <  0?

6. Summarise your results and discuss their significance.

7. Use the results of your investigation to 

(a) transform the given set of data so that it has a mean of 0

(b) transform the given set of data so that it has a standard deviation of 1

(c) transform the given set of data so that it has a mean of 0 and a standard deviation of 1




	Task 6: the path of light (type II and III, assessing A - D)

Fermat’s principle states that when light travels from one point to another it takes the path of minimal time.  Below, this principle is applied twice to understand two profound physical laws. 

The law of reflection 

Suppose light travels from A to B by bouncing off a mirror, as in the picture below. 

[image: image2.wmf]
Suppose a = 15, b = 24, and L = 52, and let the speed of light be c.

· If the light hits the mirror at the midpoint, find the time taken for the journey in terms of c.

· If the beam of light hits the mirror at x = 10, find the time taken for the journey. 

· Now find the travel time for arbitrary x, in terms of c and x. 

· Using calculus, find the value for x for which the travel time is minimised, showing that this value is indeed a minimum.  Show that the angles and  are equal in that case (the law of reflection).
The law of refraction

Light travels again from A to B, but this time it passes through two media


· Suppose the speed of light through medium 1 is c, and the speed through medium 2 is less than c. Argue convincingly why, to minimize time, the path must ‘break’ and we must have that < 
· Formalizing this, let the speed of light through medium 2 be kc, where 0 < k < 1. Find an expression for the travel time in terms of x, a, b, L and c, and write down an equation in x for the minimum. Express the equation in terms of sin and sin   and show that travel time is minimized precisely when sin sin k
On to oil and gas now

This time, it is not light which travels from A to B, but oil, and the intention is to have it flow through a pipe (do you know the length of the longest such pipeline?). As so often happens, medium 1 is land and medium 2 is sea. The price of laying a pipe at sea is twice that of the price on land. Formulate a ‘refraction law’ for this case. 

· Can you apply your insights to propose a pipeline from Amsterdam to London? If yes, do so with a sketch and comment; if no, explain why not. 
A hot day on the road

Ever been on the highway on a really hot day? Remember occasionally seeing the image of the cars before you reflected in what looks like a momentary water puddle on the road? In this case, Fermat tells us there must be two paths of local minimal time: one direct and one ‘mirrored’ in the road. Sketch the two paths from the car to your eye and use Fermat’s original law to draw a conclusion about the speed of light in hot air (just above the road).


	Task 7: The vector product (type II, addressing all criteria)

Assumed knowledge: matrix multiplication, scalar (inner, dot) product, calculation of 

                                   vector product 

Define vectors a, b, c, d as a = (1,2,4), b = (-2,3,-1), c = (0,2,3), d = (1,-3,1), and let a or |a| denote the magnitude of a, and so on.

1. Ask your GDC for answers of all combinations a x a, a x b, b x a, a x c, and so on.

2. On the basis of this list, formulate two general laws which allow you to state that ‘all combinations’ actually means only 6 non-zero combinations. Which 6 are those? 

3. What happens if you multiply any of the vectors by a constant and then evaluate the vector product? Considering unit vectors a = a/a, and so on, use your result to write a general formula for a x b in terms of a, b, and a x b. Next, store a, b, c, d in the memory of your calculator.

4. Fact: if we denote the image of a under a rotation transformation R as Ra, then, for all rotations R,  |Ra x Rb| = |a x b|. (note: you don’t have to verify this yourself). 

5. Can you now explain why the fact stated in 4 implies that the magnitude of the vector product between two unit vectors only depends on the angle between them?

6. For all 6 combinations (a, b) etc, calculate vector product magnitudes |a x b| and the angle between a and b. Put the vector product magnitudes in L1 of your list editor and put the corresponding angles in list L2.

7. Obtain a scatter diagram of L1 (magnitude) against L2 (angle). What happens when the angle is 0? Fit a curve to the points, using the regression tools in the STAT CALC menu of the TI-83. Hence formulate your conjecture for the value of |a x b|. Using your previous results, formulate a general conjecture for the value of |a x b|.

8. Now prove your conjecture! Remember how to express the scalar product a.b in terms of the angle ? So if your conjecture is correct, then for any pair of vectors a and b the term |a x b|2 + (a.b)2 = …? With a = (a1, a2, a3) etc, prove your formula by expressing all terms in aI  and bj’s. Does this completely prove your conjecture?
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9.  Scheme of work for MHL

The table below shows the scheme of work for a 57 week  MHL course based on one followed by UWCSEA students who start MHL with a strong algebraic background including  introductory calculus.  The texts used are listed in full in section 8 of this chapter 

(note: 1 week = three 1 hr 10 minute lessons). It goes without saying there are many other ways to cover the syllabi, but we hope that this scheme will provide some insight at the level at which to pitch the course, the relative weight each topic deserves, and the typical pitfalls one might face with certain topics. The set of portfolios mentioned as well as others will soon be posted on www.ib-help.com as MS doc files.

Please note that this is a scheme of work for a strong MHL group. A notable consequence of this is that we cover two option topics rather than the customary single one, and that the portfolio tasks indicated in the scheme above are deliberately more summative (and demanding) in nature than those (often introductory) tasks that would be given to MHL students with less background experience.  Clearly it would not be appropriate to give students who already possess a good background in calculus a task introducing differentiation as a limiting process for chord gradients for polynomials.  However, this does not mean that some other more appropriate introductory task could not be assigned for such strong students, such as an investigation of limits of chord gradients for exponential functions.  Nonetheless, the summative use of portfolio tasks does allow ordinary lessons to proceed largely independently of the given task.  The 14 day optimal turnaround period designated at UWCSEA between giving out a portfolio task, marking it and having it finally moderated is then followed by a feedback session that reviews students' performance in the portfolio task and the key issues the assignment was intended to address (see also section 3.3, internal moderation).  

	Topic
	# weeks
	Content/General Notes
	Suggested Resources

	1.  ALGEBRAC TECHNIQUES

	1.1 roots of quadratics and polynomials


	1


	· Review quadratics, applications of the discriminant and inequalities - stress nature of discriminant
· Review factor and remainder theorems and extend to double roots occurring in the derivative –link to curve sketching and solving inequalities
	· Sadler & Thorning  p145-152

       Sadler & Thorning  p153-156

       Perkins & Perkins Book 2, p30-39



	1.2 introduction to complex numbers


	1
	· Sum and products of root of quadratics; addition, subtraction, square roots of complex numbers – stress use of GDC; the Argand plane.


	· Sadler & Thorning  p 460-464

       Perkins & Perkins Book 2, p391-403

· Portfolio Task “Complex Valued Functions” -Type I (1 week)– used to introduce portfolios and  review and extend concepts of  function and differentiation.

	1.3 partial fractions and series


	2
	· The usual 3 forms of partial fractions. Link to differentiation of rational functions and also to integration techniques. 

· Review APs and GPs; ( r, ( r2, ( r3 , summing via differences (( 1/(r(r-1)) = ( 1/(r-1) - ( 1/r, etc)
	· Sadler & Thorning  p 451-460
Sadler & Thorning  p217-222,456-460

       Perkins & Perkins Book 2, p251-256



	1.4 inequalities
	1
	· Review quadratic inequalities and extend to rational inequalities of the form:

                          [image: image1.wmf]
       Stress use of alternative strategies esp use of GDC.
	· Sadler & Thorning  p344-349

	1.5 proof by induction


	2
	· Applications to sums of series, matrices results, divisibility results (divisibility by 3 etc), 
	· Sadler & Thorning  p217-222

Perkins & Perkins Book 2, p9-16
· Portfolio Task  “ Finding Sums of Series”- Type I (1 week )- used summatively to assess grasp of induction for series.

	1.6 the binomial expansion


	1
	· Include proof 
	· Sadler & Thorning  p222-231, 455-456



	1.7 permutations and combinations
	1
	· Link to binomial expansion and probability
	· Sadler & Thorning  p188-207

	2.TRIGONOMETRY

	2.1 trig graphs
	1


	· Review properties of sin x, cos x , sec x,  reciprocal graphs; transformations of trig and polynomial graphs esp af(bx + c) + d form.
	· Sadler & Thorning  p99-109, 284-288

	2.2 Review of simple trig equations
	0.5
	· Extend to general solutions and review radian measure
	· Sadler & Thorning  p110-114, p362-365

	2.3 review Pythagorean identities, and double, half and compound angle formulae
	1
	· Can use matrix rotation as basis of proof of compound angle formula-link to transformations and matrices; application to finding distances between parallel lines.
	· Sadler & Thorning  p114-123

· Portfolio Task  “Distances Between Lines”- Type II (1 week )- used summatively as application of trig techniques and formulae

	2.4  acos x + bsin x  formula
	0.5
	· link to transformations and rational functions 
	· Sadler & Thorning  p353-356

	2.5 inverse trig functions
	1
	· Link to solutions of quadratics e.g. 

tan-1(2x) + tan-1(x) = (/4
	· Sadler & Thorning  p356-361

	2.6 small angles and limits
	0.5
	· Link to trig differentiation and first principles 
	· Sadler & Thorning  p365-367

	3. CALCULUS

	3.1 techniques of differentiation: polynomials and rational functions
	1.5
	· Differentiation from first principles; chain, product quotient rules. Link differentiation to induction (i.e. proof of (xn )’=n xn-1 using 1st principles and product rule).  Implicit and parametric differentiation. Applications and binomial expansions should be used to formalise the idea of the gradient function. 
	· Sadler & Thorning  p225-272, 317-334

· Portfolio Task “The Path of Light” - Type III (1 week ) - Used summatively as application of differential calculus. 

	3.2 curve sketching
	1
	· Include rearranging rational functions into ​quadratics for finding empty regions parallel to y-axis

       (eg y= (x+2)/(x2 –1) rearranged to x2y –y –x –2 =0 and 

       use discriminant) ;   include finding oblique asymptotes- 

       link to dividing polynomials.
	· Sadler & Thorning  p335-351

	3.3 trig differentiation
	1
	· Radians; derivatives from first principles
	· Sadler & Thorning  p367-377

	3.4 logarithms and exponentials
	1
	· Include differentiation of log and exp –link to first principles
	· Sadler & Thorning  p477-488

· Portfolio Task “ Compound Interest”- Type I, II or III – (see task 2 in this chapter) - used to introduce properties and applications of e

	3.5 integration techniques
	2.5
	· Reverse of chain rule. Substitution. Inverse trig functions. Partial fractions. Integration by parts. Applications.
	· Sadler & Thorning  p496-508

       Perkins & Perkins Book 2, p69-98

· Portfolio Task “ The Spread of SARS”- Type I, II or III –(see section 2.2 in this chapter,1 week)- used as opportunity to apply work on functions (esp exponentials) to real life. 

	3.6 differential equations
	1
	· Formation, variables separable, homogeneous form using substitution y = vx  
	· Sadler & Thorning p 509-523

 Perkins & Perkins Book 2, p 313-318

· Portfolio Task  “Thowing a Baseball” - Type  I or III-  (discussed in section 2.2, 3.1 and mentioned as portfolio task 1, 1 week) - Used as opportunity to apply  broad range of concepts met to an open modeling scenario. 

	FIRST YEAR INTERNAL EXAMINATION

	4. COMPLEX NUMBERS

	4.1 review of algebraic form (cf 1.2)
	0.5
	
	· Sadler & Thorning p 460-476

        Perkins & Perkins Book 2, p391-426

	4.2 polar form
	0.5
	· Link to geometric significance of multiplying and dividing complex numbers
	· Sadler & Thorning p 460-476

        Perkins & Perkins Book 2, p391-426

	4.3 de Moivre’s theorem with applications
	1
	· Proof by induction; roots of complex numbers, with geometric interpretation; cube and nth roots of unity in polar and Cartesian form

· Trig identities –expansions of sin(nx) and cos(nx) in terms of powers and vice versa – link to integration.
	· Sadler & Thorning p 460-476

        Perkins & Perkins Book 2, p391-426

	5.  VECTORS AND  MATRICES

	5.1 vectors and lines in 2 and 3 Dimensions
	1.5
	· Position and unit vectors in 2D and vector geometry –link to complex numbers 

· Scalar product for 2D

· Vector equation of line in 3D

· Applications of scalar product in 3D: finding  angles and  orthogonal vectors 

· Intersecting lines in 3D, skew lines, distance   

       between lines, distance from point to line, reflection 

       of point in a line.
	· Sadler & Thorning  p 47-68, 415-422

      

	5.2 the vector product
	1
	· Link to scalar product to find orthogonal 3D vectors

· Applications to finding distances between lines, areas of triangles, volumes of parallelepiped, coplanarity of vectors, torque of forces.
	· Stewart, "Calculus", p702-709

· Portfolio Task "Modulus of Vector Product" - Type II - (portfolio task 7 in this book, 7 days) used to introduce vector product by linking it with scalar product. 

	5.3 planes in 3D
	1.5
	· vector equations of planes, normals to planes, distance to origin, Cartesian form, parallel planes, angles and distances between planes, intersection of planes, intersection of planes and lines, link to use of vector product for finding normals to planes
	· Sadler & Thorning  p 423-433

· Portfolio Task "Lines and Planes" - Type II - (7 days) - used summatively to review properties of lines and planes

	5.4 matrices and determinants
	1.5
	· Link matrices to base vectors 

· General transformations with and without origin invariant

· significance of determinant and finding inverses

· solutions of  simultaneous equations in 2D –link with 3D case (see 5.5)
	· Sadler & Thorning  p 159-188

	5.5 systems of plane equations
	1
	· Cartesian form and systems of equations

· Determinant of 3D matrix

· Geometric interpretation of solutions or no solutions of systems

· Use of GDC
	· Sadler & Thorning  p 435-447

	 6.  STATISTICS AND PROBABILITY (CORE)

	6.1 descriptive statistics
	0.5
	· Box and whisker plots, histograms

· measures of location and dispersion

· biased and unbiased estimators of population mean and variance
	· Crashaw and Chambers, "A-Level Study Guide", p1-11

· Portfolio Task “Water in Our City” –Type I or III – used as opportunity to apply statistical and estimation techniques to real life (portfolio task 3 in this chapter).

	6.2 probability
	1.5
	· Link to permutations and combinations

· Venn diagrams, addition rule, conditional probability, independent events, tree diagrams

· Bayes Theorem for 2 events
	· Crashaw and Chambers, ”Study Guide”, p22-34

· Sadler and Thorning, p188-207, 235-254

· Crashaw and Chambers, “A Concise Course in A-Level Statistics” ,p169-174

	6.4 discrete random variables esp the binomial distribution
	1
	· Expectation and variance

· Uniform, geometric, binomial distributions and Poisson distribution 

· Expectation algebra to link with option
	· Crashaw and Chambers, ,”Study Guide”,p35-48, 49-60

· Perkins and Perkins Book 2, p434-441

	6.5 continuous probability distributions esp the normal distribution
	1.5
	· Link to discrete random variables and calculus

· Expectation, variance, median and mode

· The normal Distribution – use of tables and GDC

· Normal approximation to the binomial and Poisson distributions (with continuity correction) 
	· Crashaw and Chambers,”Study Guide”, p38-48, 61- 77

· Perkins and Perkins Book 2, p442-457

	7.  STATISTICS AND PROBABILITY (OPTION)

	7.1 linear combinations of random variables
	 1.5
	· Linear combinations of independent random variables (see 6.4)– include sums of normal and Poisson distributions and link to sample means 
	· Crashaw and Chambers, ”Study Guide”, p78-84

· Crashaw and Chambers, “A Level Statistics”, p416-433

	7.2 estimation of population parameters
	1
	· Unbiased estimators and pooled estimators

· Distribution of the sample mean 

· The central limit theorem
	· Crashaw and Chambers, ”Study Guide”, p85-93

· Crashaw and Chambers, “A Level Statistics”, p 447-451, p476-487

	7.3 confidence intervals for mean of normal population
	1.5
	· z and t  intervals for known and unknown population variance– stress use of TI83
	· Crashaw and Chambers “Study Guide”, p88-93

· Crashaw and Chambers, “A Level Statistics”, p487-496

	7.4 the chi-squared distribution
	1
	· Ho, H1, significance levels, degrees of freedom and critical regions for chi-squared distribution

· Goodness of fit for discrete and continuous distributions

· Contingency tables 

· Use of TI 83
	· Crashaw and Chambers “Study Guide”, p119-133

· Crashaw and Chambers, “A Level Statistics”, p573-627

	7.5 significance testing
	2
	· One and two tailed tests

· Testing means and differences between means based on samples 

· Use of normal and t-distributions – stress use of TI 83

· Link to 7.4
	· Crashaw and Chambers “Study Guide”, p94-118

· Crashaw and Chambers, “A Level Statistics”, p507-538

	8  SETS, GROUPS AND RELATIONS (OPTION)

	8.1 sets
	1
	· Venn diagrams, set equality and inclusion, finite sets and cardinality of infinite sets –link to injective functions

· De Morgan’s Laws

· Cartesian products
	· Centralized notes

	8.2 relations and equivalence relations
	1.5
	· Binary relations 

· Reflexive, symmetric and transitive relations

· Partitions of sets
	· Centralized notes

	8.3 functions
	1.5
	· Injections, surjections, inverses and composition
	· Centralized notes

	8.4  groups
	3
	· Group axioms esp commutativity, inverse and identity

· Cayley tables

· Examples of finite and infinite groups including groups of functions and matrix groups – link to core topics

· Subgroups, cyclic groups, order of groups and Lagrange’s theorem and corollary

· Isomorphisms for finite and infinite groups – link to 8.3

· Direct product groups – link to Cartesian products 
	· Bostock and Chandler, “Further Pure Maths”, p566-623 

Perkins & Perkins Book 2, p464-494

	MOCK EXAM PREPARATION (2WEEKS)

	MOCK EXAMINATION

	REVISION AND PAST EXAM PAPERS (8 WEEKS )
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